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Theoretical proposal for dual transformation between the Josephson effect and
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A method was devised to construct a generalized dual field theory in the quantum field theory.
As a simple example using this method, we examined the duality between coherent quantum phase
slip and the Josephson effect in single junction systems and nanowires. The this method was proved
to be reliable within the Villain approximation.
PACS numbers: 73.23.-b
Introduction
The dual transformation has been known to be a
useful tool in various physical systems. In particular,
in quantum field theory1-5 and statistical mechanics4-
7, many studied cases incorporating duality are known.
Similarly, electric circuits arranged in series and paral-
lel within classical electrical engineering exhibit similar
adding laws, which are satisfied by interchanging the
role of resistance and conductance, inductance and ca-
pacitance, current and voltage. This rule is known as
the duality principle of electrical circuits8-10. In recent
years, numerous experiments and theoretical discussions
have been conducted on the potential of quantum phase-
slip (QPS) existing as a dual system in the Josephson
junction (JJ) system using nanowires11-18. However, a
deterministic experimental fact showing the existence of
quantum phase-slip completely has not been found yet.
Also, the exact theory of the dual transformation between
the JJ system and the QPS junction (QPSJ) system has
not been completed yet16-18. In this paper, we intro-
duce two Hamiltonian, which are dual to each other, and
propose a general theory to construct a dual system by
applying the dual condition between current and voltage
in an electric circuit. This method was named the dual
Hamiltonian (DH) method. By using this method, the
Hamiltonians of the QPS system and the JJ system are
proved to be equivalent to each other by dual transfor-
mation and also prove to be an exact dual system. The
remainder of this paper is organized as follows. In the
next section, the DH method is applied to build a quan-
tum LC circuit as a simple example. In section 2, as
an application of the preceding section, the relationship
between the QPS system and the JJ system in a sin-
gle junction is introduced. In section 3, self-duality in
various quantum junction circuits is briefly proved. In
the section 4, superconductors and superinsulators are
discussed from the standpoint of quantum phase transi-
tion. In section 5, duality is examined for the partition
function of a single junction that incorporates quantum
effects using path integration. In section 6, the derivation
of the anisotropic XY (AXY ) model and dual anisotropic
XY (DAXY ) model are described in the classical 1+1 di-
mensional system equivalent to the JJ and QPSJ in a
nanowire, which is a quantum one-dimensional system.
In section 7, the duality between the AXY model and
DAXY model is proved by the Villain approximation. In
section 8, we derived Ginzburg-Landau theories of two
types and compared each of their critical values with the
critical values in the Kosterlitz-Thouless theory. In the
last section, the summary, discussion, and conclusions
are presented.
I. DH METHOD IN THE QUANTUM LC
CIRCUIT
In this section, examples of quantum LC circuits19 are
presented as the simplest application of the DH method.
First, the Hamiltonian of a normal quantum LC circuit
is introduced as follows:
HLC =
Q2 (t)
2C
+
Φ2 (t)
2L
, (1)
where C and L are the capacitance and inductance of a
quantum LC circuit, respectively. The commutation re-
lationship between the electric charge Q (x) and magnetic
flux Φ (x) is described as follows:[
Φ (t) , Q (t)
]
= i~. (2)
From the Hamiltonian of Eq.(1), the equations of motion
are given by:
I (t) =
dQ (t)
dt
=
i
~
[
HLC , Q (t)
]
=
−Φ (t)
L
,
V (t) = −dΦ (t)
dt
= − i
~
[
HLC ,Φ (t)
]
= −Q (t)
C
, (3)
where I (t) and V (t) are the current and voltage of an
LC circuit, respectively. The dual Hamiltonian H˜LC is
then introduced for the quantum LC circuit, assuming
the following:
H˜LC =
Q˜2 (t)
2C˜
+
Φ˜2 (t)
2L˜
, (4)
2where C˜, L˜, Q˜ (t) and Φ˜ (t) are dual capacitance, dual
inductance, dual electric charge, and dual magnetic flux,
respectively. The commutation relationship between the
dual charge Q˜ (t) and dual flux Φ˜ (t) is:[
Φ˜ (t) , Q˜ (t)
]
= i~. (5)
From the dual Hamiltonian of Eq.(4), the equations of
motion are given by:
I˜ (t) ≡ dQ˜ (t)
dt
=
i
~
[
H˜LC , Q˜ (t)
]
= − Φ˜ (t)
L˜
,
V˜ (t) ≡ dΦ˜ (t)
dt
=
i
~
[
H˜LC , Φ˜ (t)
]
=
Q˜ (t)
C˜
, (6)
where, I˜ (t) and V˜ (t) denoted by the tilde, are the dual
current and the dual voltage in the dual quantum LC
circuit, respectively. As the first step of the dual Hamil-
tonian method, two dual conditions between equation
Eq.(3) and the dual equations of Eq (6) are assumed as
follows:
V (t) ≡ I˜ (t) , I (t) ≡ V˜ (t). (7)
The two conditions of Eq .(7) are called dual conditions.
The next step of the dual Hamiltonian method is to de-
rive a relational expression for the canonically conjugate
operators that act on each other according to the dual-
ity condition (7). According to this, the following two
relational expressions between charge and flux in dual
systems are derived as shown below:
Φ (t) ≡ −Q˜ (t) , Φ˜ (t) ≡ Q (t), (8)
The last step of the dual Hamiltonian method is to derive
a relational expression between the constants according
to the duality condition of Eq.(7). According to this,
as shown below, two relational expressions between the
electrostatic capacitance and the inductance within the
dual systems are derived:
C˜ ≡ L, L˜ ≡ −C, (9)
In this section, the conditions under which the dual
Hamiltonian of a quantum LC circuit, which is a triv-
ial self-dual system, were established. In particular, the
duality condition of (7) is very important, because it be-
comes an index for defining an exact dual system.
II. DH METHOD BETWEEN THE JJ AND
QPSJ IN A SINGLE JUNCTION
In this section, according to Hamiltonian of QPSJ in-
troduced by Mooij et al11-13 which is already known prior
research, using the method introduced in the previous
section, we investigate the duality between JJ and QPSJ
for case of single junction20-22. First, the Hamiltonian
H of the single JJ and the Hamiltonian H˜ of the single
QPSJ are shown as follows:
H
(
θ,N
)
= EcN
2 + EJ
(
1− cos θ
)
, (10)
H˜
(
θ˜, N˜
)
= ELN˜
2 + ES
(
1− cos θ˜
)
. (11)
In Eq.(10), Ec≡(2e)2/2C is charging energy per Cooper
pair, therefore, EJ≡Φ0Ic/2π is the Josephson energy, Ic
and Φ0≡h/2e are the critical current and the magnetic
flux-quantum, respectively, and N and θ are the number
of the Cooper pair and the phase of the Cooper pair,
respectively. In Eq.(10), EL≡Φ02/2L is the inductive en-
ergy per magnetic flux quantum, ES≡2eVc/2π is the QPS
amplitude, Vc is the critical voltage, N˜ and θ˜ are the num-
ber of magnetic flux-quantum and the phase of magnetic
flux-quantum in QPS junction respectively. The com-
mutation relations by Hamiltonian H and H˜ canonical
conjugate variables are described as follows:[
θ (t) , N (t)
]
= i,
[
θ˜ (t) , N˜ (t)
]
= i, (12)
From the equation of motion for each Hamiltonian, we
derived the Josephson’s equation for two sets is derived.
One set are the usual Josephson’s equations as follows:
V =
~
2e
∂θ
∂t
=
1
2e
∂H
∂N
=
2N
2e
Ec
I = 2e
∂N
∂t
=
−2e
~
∂H
∂θ
= − 2π
Φ0
EJ sin θ, (13)
where I and V are the current and voltage in the JJ , re-
spectively. The other set are the dual Josephson’s equa-
tions in the QPSJ as follows20-22:
V˜ =
~
Φ0
∂θ˜
∂t
=
1
Φ0
∂H˜
∂N˜
=
2N˜
Φ0
EL,
I˜ = −Φ0∂N˜
∂t
=
Φ0
~
∂H˜
∂θ˜
=
2π
2e
ES sin θ˜. (14)
When the condition of Eq.(7) is imposed between Eq.(13)
and (14), the following two relational expressions be-
tween phase and number of particles between dual sys-
tems are derived as shown below. One of them is the
relationship between the phase θ (t) of the Cooper pair
and the number N˜ (t) of the magnetic flux-quantum, and
the other is the relationship between the phase θ˜ (t) of
the magnetic flux-quantum and the number N (t) of the
Cooper pair20-22, as follows:
θ (t) = sin−1
[
−2πN˜ (t)
]
, θ˜ (t) = sin−1
[
2πN (t)
]
. (15)
If it is recognized that the relationships described in
Eq.(15) are satisfied, the relationship between the QPS
amplitude and charging energy per single-charge, and the
relationship between Josephson energy and inductive en-
ergy per magnetic flux-quantum, are as follows:
ES =
1
2π2
Ec, EJ =
1
2π2
EL. (16)
Furthermore, inductance and capacitance are related to
the critical current and the critical voltage, respectively,
as follows:
L =
Φ0
2πIc
, C =
2e
2πVc
. (17)
3The linear approximation of Eq.(15) is a well-known rela-
tionship between the phase and the number of particles,
as shown in the following equations:
θ (t) = −2πN˜ (t) = −2π Φ
Φ0
,
θ˜ (t) = 2πN (t) = 2π
Q
2e
. (18)
To compare with the existing theoretical formula, cal-
culating the kinetic inductance Lkin and the kine-
matic capacitance Ckin defined by Lkin−1≡∂2H/∂Φ2
and Ckin−1≡∂2H/∂Q2, respectively, according to Eq.(15)
yields the following equations:
Lkin =
[
1− (2πΦ/Φ0 )2
] Φ0
2πIc cos θ
,
Ckin =
[
1− (2πq/2e )2
] 2e
2πVc cos θ˜
. (19)
To summarize the results of this section, by accepting
the results of Eq.(15) to (17) obtained under the dou-
ble condition of Eq.(7), the Hamiltonian in Eq.(10) and
(11), it was found that its duality was completely guar-
anteed.Among the results, the Eq.(15) is particularly im-
portant as it becomes the starting point as a relational
expression for creating a self dual system in the next sec-
tion. The phase and number of particles between the
dual systems of Eq.(15) are nonlinear, and its linear ap-
proximation Eq.(18) is consistent with the generally well
known relationship of Mooij et al11-13. Eq.(16), we note
that between the QPS amplitude in QPS and the charg-
ing energy in JJ , between the Josephson energy in JJ
and the induced energy in QPS are connected by 1/2π2
times relation. This relation is important, but it is not
mentioned in the paper by Mooij et al11-13. The kinetic
inductance and kinematic capacitance of Eq.(19) have
the differece with −2πΦ2/Φ0Ic cos θ and −2πq2/2eVc cos θ˜ re-
spectively, from the calculation result of Mooij et al11-13.
III. SIMPLE PROOF OF SELF-DUALITY IN
VARIOUS QUANTUM JUNCTION CIRCUITS
In this section, a simple proof of duality in the single
JJ system is presented. First, the half angle version of
Eq.(15) is introduced as follows:
θ (t)=2sin−1
[
−πN˜ (t)
]
, θ˜ (t)=2sin−1
[
πN (t)
]
, (20)
Eq.(20) is in agreement with Eq.(15) and (18) within the
range of the linear approximation. Substituting Eq.(15)
into the second term of Eq.(10) and (11), their Hamilto-
nians are described as follows:
H
(
N˜ ,N
)
= EcN
2 + 2π2EJN˜
2, (21)
H˜
(
N, N˜
)
= ELN˜
2 + 2π2ESN
2. (22)
It is trivial that these two Hamiltonians are equal by ap-
plying the relation of Eq.(16) to (21) and (22). It is also
trivial that Eq.(21) is quite equivalent to the quantum
LC circuit discussed in Section 1. Further, when the lin-
ear relational expression of Eq.(18) is used for the second
terms of Eq.(21) and (22), respectively, the equations are
expressed as follows:
H
(
N˜ , θ
)
= EcN
2 +
1
2
EJθ
2, (23)
H˜
(
N˜, θ˜
)
= ELN˜
2 +
1
2
ES θ˜
2. (24)
Regarding the second term of Eq.(23) and (24), it is ob-
vious that this is a Gaussian approximation of the cosine
term of the second term of Eq.(10) and (11). Next, sub-
stituting Eq.(15) into the first terms of Eq.(10) and (11),
their Hamiltonians can be expressed as follows:
H
(
θ, θ˜
)
=
Ec
2π2
(
1− cos θ˜
)
+ EJ
(
1− cos θ
)
, (25)
H˜
(
θ˜, θ
)
=
EL
2π2
(
1− cos θ
)
+ ES
(
1− cos θ˜
)
, (26)
As with the relation of Eq.(21) and (22),it is trivial that
these two Hamiltonians are equal by substituting Eq.(16)
into (25) and (26). Further, when the linear relational
expression of Eq.(18) is substituted in the first terms of
Eq.(25) and (26), the equations can be rewritten as fol-
lows:
H
(
θ,N
)
=
Ec
2π2
[
1− cos (2πN)
]
+ EJ
(
1− cos θ
)
, (27)
H˜
(
θ˜, N˜
)
=
EL
2π2
[
1− cos(2πN˜)
]
+ ES
(
1− cos θ˜
)
. (28)
By imposing the conditions of Eq.(17) and (18) on
Eq.(27) and (28), these two Hamiltonians are equal, i.e.
self-dual. A Hamiltonian with two cosine terms, com-
peting with each other, similar to Eq.(25) to (28) is a
new form which has not been known until now. Such a
system is a system in which both JJ and QPSJ which
are in a coherent state compete with each other, and the
circuit in which JJ and QPSJ are connected in series is
called a JJ- QPSJ competitive circuit. FIG.1 shows the
equivalent circuits for various self-dual systems. FIG.1
(a) shows the quantum LC circuit represented by the
Hamiltonian of Eq.(21) and (22) or Eq.(23) and (24).
FIG.1 (b) and (c) show a single JJ represented by the
Hamiltonian of Eq.(10) and a single QPSJ represented
by the Hamiltonian of the Eq.(11), respectively. FIG.1
(d) shows the JJ- QPSJ competitive circuit represented
by the Hamiltonian of Eq.(27) and (28).
IV. SUPERCONDUCTOR- INSULATOR
TRANSITIONS
In this section, superconductorinsulator transition23-
25 are discussed from the viewpoint of quantum phase
4(a) (b) (c) (d)
FIG. 1: Equivalent circuits for various self-dual systems. (a)
quantum LC circuit. (b) JJ. (c) QPS junction. (d) JJ - QPSJ
competitive circuit..
transition. Quantum resistance was derived using the
following two methods with the Josephson’s equations of
Eq.(13) and the dual Josephson’s equations of Eq.(14)
and (15). One of the methods uses the ratio between the
fluctuation of the number of Cooper pairs and the fluc-
tuation of the number of magnetic flux-quantums. The
resistance can thus be derived as follows:
R =
V
I
=
RQ
2π
dθ
dN
=
RQ
2π2
Ec
EJ
N
N˜
, (29)
where RQ≡h/(2e)2≈6.4 [kΩ] is the universal critical sheet
resistance. The other method uses the ratio between the
fluctuation of the phase of the Cooper pair and the fluc-
tuation of the phase of the magnetic flux-quantum. The
quantum conductance can thus be derived as follows:
G =
V˜
I˜
= − 1
2π
GQ
dθ˜
dN˜
= GQ
1
2π2
EL
ES
N˜
N
, (30)
where GQ ≡ RQ−1 is the universal critical sheet conduc-
tance. In Eq.(29) when the conditions ∆θ>>∆N, or
Ec>>EJ and N>>N˜ , are met, the equation represents
an insulator state. In particular, when R, it repre-
sents a superinsulator state20,26-28. The reverse case oc-
curs when the conditions of ∆θ<<∆N or, Ec<<EJ and
N<<N˜ , are met, the equation represents a conductor
state. In particular, when R0, it represents a super-
conductor state. In the special case of ∆θ ≈ 2π∆N , or
Ec ≈ 2π2EJ and N ≃ N˜ , the equation represents a critical
state. In Eq.(30), when the conditions: ∆θ˜>>∆N˜ , or
EL>>ES and N˜ >>N , are met, the equation represents
a conductor state. In particular, when G, it represents a
superconductor state. The reverse case occurs when the
conditions of ∆θ˜<<∆N˜ , or EL<<ES and N˜ <<N , are
met, in which case the equation represents an insulator
state. In particular, when G0, it represents a superinsu-
lator state.
V. PARTITION FUNCTION OF THE JJ AND
QPSJ IN SINGLE JUNCTION
Up to the preceding section, the JJ and QPSJ have
been dealt with in a single junction for Hamiltonian form
at the level of classical mechanics. In this section, the
partition function of a single junction is investigated, in-
corporating the quantum effect by path integral and its
duality is considered20. The partition function of a single
JJ system is expressed using Eq.(10) as follows:
Z=
∫
DNDθ exp
1
~
β∫
0
dτ
[
i~
∂θ
∂τ
N−EcN2−EJ
(
1−cosθ
)]
, (31)
where,
∫
DN≡∏
τ
∫∞
−∞
dN(τ),
∫
Dθ≡∏
τ
∫ π
−π
dθ(τ)/2π, β≡(kBT )−1,
and τ≡β~ is the imaginary time. In the same man-
ner, the partition function of a single QPSJ system is
expressed using Eq.(11) as follows:
Z˜=
∫
DN˜Dθ˜ exp
1
~
β∫
0
dτ
[
i~
∂θ˜
∂τ
N˜−ELN˜2−ES
(
1−cos θ˜
)]
. (32)
First, to make computation using path integration of
Eq.(31) and (32) convenient, imaginary time τ is changed
from the continuous value to the discrete value, the differ-
ential operator is changed to the difference operator, and
the integral
∫ β
0
dτ is changed to the sum
∑Mτ
τ=1. These
partition functions can then be expressed as follows:
Z=
∫
DNDθ exp
Mτ∑
τ=1
[
iN∇τθ−E′cN2−E′J
(
1−cos θ
)]
, (33)
Z˜=
∫
DN˜Dθ˜ exp
Mτ∑
τ=1
[
iN˜∇τ θ˜−E′LN˜2−E′S
(
1−cos θ˜
)]
, (34)
here E′c, E′J , E′L and E′S are the dimensionless en-
ergy defined by ∆τEc/~, ∆τEJ/~, ∆τEL/~ and ∆τES/~,
respectively. In addition, ∆τ≡τmax/Mτ , τmax, Mτ and
∇τθ(τ)≡θ(τ)−θ(τ−∆τ) are the minimum imaginary time in-
terval, the maximum imaginary time, the division num-
ber and the difference operator in imaginary time, respec-
tively. When Eq.(33) and (34) are integrated with re-
spect to N(τ) and N˜(τ), respectively, the following equa-
tions are obtained:
Z=
∫
Dθ exp
Mτ∑
τ=1
[
−1
2
E0J
′
(
∇τθ
)2
−E′J
(
1− cos θ
)]
, (35)
Z˜=
∫
Dθ˜ exp
Mτ∑
τ=1
[
−1
2
E0S
′
(
∇τ θ˜
)2
−E′S
(
1− cos θ˜
)]
, (36)
where E0J
′
and E0S
′
represent the dimensionless energy
of the imaginary time component in the JJ and QPSJ ,
respectively, and are defined by the following equations:
E0J
′ ≡ 1
2E′c
, (37)
E0S
′ ≡ 1
2E′L
, (38)
5On the contrary, when Eq.(33) and (34) are integrated
with respect to θ(τ) and θ˜(τ), respectively, the following
equations are obtained20:
Z=
∫
DNexp
Mτ∑
τ=1
[
−E′J−E′cN2+ln Iα(τ)(E′J )
]
, (39)
Z˜=
∫
DN˜exp
Mτ∑
τ=1
[
−E′S−E′LN˜2+ln Iα˜(τ)(E′S)
]
, (40)
where Iα(τ)(E′J ) and Iα˜(τ)(E
′
S) represent modified Bessel
functions of order α(τ)≡−∇τN(τ) and order α˜(τ)≡−∇τ N˜(τ)
respectively, When the Villain approximation29-30 is in-
troduced into the modified Bessel functions of Eq.(39)
and (40), the following equations are obtained:
Z=
∫
DNexp
Mτ∑
τ=1
[
−E′J−E′cN2+ln I0(E′J)−
1
2(E′J)v
(
∇τN
)2]
, (41)
Z˜=
∫
DN˜exp
Mτ∑
τ=1
[
−E′S−E′LN˜2+ln I0(E′S)−
1
2(E′S)v
(
∇τ N˜
)2]
, (42)
where (E′J )v and (E
′
S)v are Villain’s parameters
30-31 and
are defined as follows:
(E′J )v ≡
−1
2
1
ln
[
I1 (E′J)/I0 (E
′
J )
] , (43)
(E′S)v ≡
−1
2
1
ln
[
I1 (E′S)/I0 (E
′
S)
] , (44)
When the conversion formula between the number of
particles and its dual phase in Eq.(15) is substituted in
Eq.(41) and (42), the following equations are obtained20:
Z≈
∫
Dθ˜ exp
Mτ∑
τ=1
[
−E′J + ln
( 1
2π
cos
θ˜
2
)
+ ln I0 (E
′
J )
− cos
2(θ˜/2)
8π2(E′J)v
(
∇τ θ˜
)2
− E
′
c
2π2
(
1− cos θ˜
)]
, (45)
Z˜≈
∫
Dθ exp
Mτ∑
τ=1
[
−E′S + ln
(−1
2π
cos
θ
2
)
+ ln I0 (E
′
S)
−cos
2 (θ/2 )
8π2(E′S)v
(
∇τθ
)2
− EL
′
2π2
(
1− cos θ
)]
. (46)
By comparing Eq.(45) with (36), and by considering that
(E′J )v≈E′J and cos2(θ˜/2)≈1 are established respectively at
the limit of large E′J and the limit of small θ˜, it can be un-
derstood that the relational expressions ES=Ec/2π2 and
EL=2π
2EJ , introduced in Eq.(16) , are established. Simi-
larly, by comparing Eq.(46) with (35), and by considering
that (E′S)v≈E′S and cos2 (θ/2)≈1 are established respec-
tively at the limit of large E′S and the limit of small θ,
it can be understood that the relational expressions of
EJ=EL/2π
2 and Ec=2π2ES introduced in Eq.(16) are es-
tablished. From the above results, at least at the level
of the Villain approximation, the partition functions of
Eq.(31) and (32) are proved to be in a dual relationship
with each other.
VI. PARTITION FUNCTION OF THE JJ AND
QPSJ IN A ONE-DIMENSIONAL NANOWIRE
In the previous sections, the duality for the JJ and
QPSJ was examined in a single junction. In this section,
this is extended to consider the dual model for the JJ
and QPSJ in a nanowire, which is a one-dimensional sys-
tem. The Hamiltonians obtained by extending Eq.(10)
and (11) into a one-dimensional nanowire are as follows:
H (θ,N) = Ec
Mx∑
x=i
{
N(x, τ)
2
+ EJ
[
1− cos∇xθ (x, τ)
]}
, (47)
H˜(θ˜, N˜) = EL
Mx∑
x=i
{
N˜(x, τ)
2
+ ES
[
1− cos∇xθ˜ (x, τ)
]}
, (48)
where x, a, L, Mx≡L/a and ∇xθ(x, τ)≡θ(x, τ)−θ(x−a, τ)
are the space variable, the lattice spacing, the length of
the one-dimensional nanowire, the division number of the
space and difference operator of the space, respectively.
The partition functions of Eq.(47) and (48) can be ex-
pressed as follows:
Z=
∫
DNDθ exp
Mτ∑
τ=1
Mx∑
x=1
[
iN∇τθ−E′cN2−E′J
(
1−cos∇xθ
)]
(49)
Z˜=
∫
DN˜Dθ˜ exp
Mτ∑
τ=1
Mx∑
x=1
[
iN˜∇τ θ˜−E′LN˜2−E′S
(
1−cos∇xθ˜
)]
(50)
where, Z and Z˜ represent the partition function of the
JJ and the QPSJ , respectively, in the one-dimensional
nanowire. When Eq.(49) and (50) are integrated with
respect to N (x, τ) and N˜ (x, τ), respectively, the following
equations are obtained:
Z=
∫
Dθexp
∑
x,τ
[
−1
2
E′J
0
(
∇τθ
)2
−E′J
(
1−cos∇xθ
)]
, (51)
Z˜=
∫
Dθ˜exp
∑
x,τ
[
−1
2
E′S
0
(
∇τ θ˜
)2
−E′S
(
1−cos∇xθ˜
)]
, (52)
where,
∑
x,τ ≡
∑Mτ
τ=1
∑Mx
x=1, the first terms of Eq.(51) and
(52) are expressed in a quadratic form for the imaginary
time difference of each phase, but the second terms are
expressed in a cosine form for the spatial difference of
each phase, but these second terms are expressed in a
cosine form for the spatial difference of each phaseHere,
in consideration of the periodicity of the lattice space,
the cosine form is also introduced for the first terms of
the Eq.(51) and (52), as follows:
ZAXY=
∫
Dθexp
∑
x,τ
[
−E′J0
(
1−cos∇τθ
)
−E′J
(
1−cos∇xθ
)]
, (53)
ZDAXY=
∫
Dθ˜exp
∑
x,τ
[
−E′S0
(
1−cos∇τ θ˜
)
−E′S
(
1−cos∇xθ˜
)]
, (54)
6where, ZAXY and ZDAXY represent the partition function of
the anisotropic XY (AXY ) model and the dual anisotropic
XY (DAXY ) model, respectively, in 1+1 dimensions. That
is, the AXY model in the 1 + 1 dimension of Eq.(53)
is equivalent to the JJ model in the one-dimensional
nanowire of Eq.(49), and the DAXY model in the 1+1
dimension of Eq.(54) is equivalent to the QPSJ model
in the one-dimensional nanowire of Eq.(50). These re-
lationships, which are known as one-dimensional quan-
tum models, are equivalent to 1+1 dimensional classical
XY models32-34. In Eq.(53) and (54), to make handling
convenient, the partition functions Z ′AXY and Z
′
DAXY , are
defined, the constant term is removed and a pure cosine
exponent remains as follows:
ZAXY ≡exp
[
−
(
E′
0
J + E
′
J
)
MτMx
]
Z ′AXY ,
Z ′AXY≡
∫
Dθ exp
∑
x,τ
(
E′
0
J cos∇τθ+E′J cos∇xθ
)
, (55)
ZDAXY ≡exp
[
−
(
E′
0
S + E
′
S
)
MτMx
]
Z ′DAXY ,
Z ′DAXY≡
∫
Dθ˜ exp
∑
x,τ
(
E′
0
S cos∇τ θ˜+E′S cos∇xθ˜
)
, (56)
Z ′AXY and Z
′
DAXY are the starting points for discussing
dual transformation by the Villain approximation in the
next section.
VII. DUALITY BETWEEN THE AXY MODEL
AND DAXY MODEL BY VILLAIN
APPROXIMATION
The Villain approximation29-31 is first applied to
Z ′AXY and Z
′
DAXY , introduced in the previous section,
as follows:
ZQV≡RQV
∫
Dθ
∑
{n}
exp
∑
x,τ
−
(
E′
0
J
)
v
2
(
∇τθ−2πn0
)
2+
−
(
E′J
)
v
2
(
∇xθ− 2πnx
)
2
, (57)
ZQDV≡RQDV
∫
Dθ˜
∑
{n˜}
exp
∑
x,τ
−
(
E′
0
S
)
v
2
(
∇τ θ˜−2πn˜0
)
2+
−
(
E′S
)
v
2
(
∇xθ˜− 2πn˜x
)
2
, (58)
where ZQV and ZQDV are Villain approximations of
the partition functions Z ′AXY and Z ′DAXY respectively,
RQV≡
[
Rv(E
′
J)Rv(E
′
J
0
)
]MxMτ
and RQDV≡
[
Rv(E
′
S)Rv(E
′
S
0
)
]MxMτ
are Villains normalization parameters, Rv(E) is de-
fined as Rv(E)≡
√
2π(E)vI0 (E), The summation symbols∑
{n}
≡
∞∑
n0(x,τ)=−∞
∞∑
nx(x,τ)=−∞
and
∑
{n˜}
≡
∞∑
n˜0(x,τ)=−∞
∞∑
n˜x(x,τ)=−∞
are used for the
integer fields n0(x, τ), nx(x, τ), n˜0(x, τ) and n˜x(x, τ) respectively.
For Eq.(57) and (58) the following identities associated
with the Jacobi theta function are used:
∞∑
n=−∞
exp
[
−E
2
(θ − 2πn)2
]
=
∞∑
b=−∞
1√
2πE
exp
(
− b
2
2E
+ ibθ
)
, (59)
As a result, Eq.(57) and (58) can be rewritten as follows:
ZQV=CQV
∑
{b}
δ∇jbj ,0 exp
∑
x,τ
[
−b20(x, τ)
2
(
E′0J
)
v
+
−b2x(x, τ)
2(E′J)v
]
, (60)
ZQDV=CQDV
∑
{b˜}
δ∇j b˜j ,0 exp
∑
x,τ
[
−b˜20(x, τ)
2
(
E′0S
)
v
+
−b˜2x(x, τ)
2(E′S)v
]
, (61)
where CQV and CQDV are normalization parameters de-
fined by
[
I0(E
′
J )I0
(
E′J
0
)]
MxMτ and
[
I0(E
′
S)I0
(
E′S
0
)]
MxMτ , respec-
tively. Both bi(x, τ) and b˜i(x, τ) are auxiliary magnetic
fields with integer values. Dual integer value fields fj(x, τ)
and f˜j(x, τ) are introduced to bi(x, τ) and b˜i(x, τ), respec-
tively, as follows30:
bi(x, τ) ≡ ǫijfj(x, τ), (62)
b˜i(x, τ) ≡ ǫij f˜j(x, τ), (63)
where ε0x=−εx0=1 is the LeviCivita symbol of two di-
mensions. By using the dual transformations of Eq.(62)
and (63), the following equations are obtained for Eq.(60)
and (61):
ZQV=CQV
∑
{f}
δ∇jǫjkfk,0 exp
∑
x,τ
[−f20 (x, τ)
2(E′0J )v
+
−f2x(x, τ)
2(E′J)v
]
, (64)
ZQDV=CQDV
∑
{f˜}
δ∇jǫjk f˜k,0exp
∑
x,τ
[
−f˜20 (x, τ)
2(E′0S)v
+
−f˜2x(x, τ)
2(E′S)v
]
, (65)
Introducing the Poisson’s formula of Eq.(66) into (64)
and (65), yields Eq.(67) and (68), respectively.
∞∑
(fj)=−∞
δ∇jεjlfl,0 (··)=
∞∫
−∞
dBj(··)
∞∑
(lj)=−∞
δ∇jεjlll,0 exp
∑
x,τ
i2π 2∑
j=0
εjlllBj
, (66)
ZQV≡CQV
∑
{l}
δ∇jǫjklk,0
∫
DB0
∫
DBx exp
∑
x,τ
[−B20(x,τ)
2 (E′J)v
+
−B2x(x,τ)
2 (E′0J )v
+2πlx(x, τ)B0(x, τ)+i2πl0(x, τ)Bx(x, τ)
]
, (67)
ZQDV≡CQDV
∑
{l˜}
δ∇jǫjk l˜k,0
∫
DB˜0
∫
DB˜x exp
∑
x,τ
[
−B˜20(x,τ)
2 (E′S)v
+
−B˜2x(x,τ)
2 (E′0S )v
+2πl˜x(x, τ)B˜0(x, τ)+i2πl˜0(x, τ)B˜x(x, τ)
]
, (68)
Integrating over the continuous value fields Bjand B˜j of
Eq.(67) and (68) yields the following equations:
ZQV=RQV
∑
{l}
δ∇jεjlll,0 exp
∑
x,τ
[
−2π2(E′0J)vl02−2π2(E′J)vlx2], (69)
7ZQDV=RQDV
∑
{l˜}
δ∇jεjl l˜l,0 exp
∑
x,τ
[
−2π2(E′0S)v l˜02−2π2(E′S)v l˜x2], (70)
The Kronecker deltas, when rewritten in the integral
form, allow the equations to be written as follows:
ZQV=RQV
∑
{l}
∫
Dθ˜ exp
∑
x,τ
[
−2π2(E′0J)vl02−2π2(E′J)vlx2−i∇jεjllθ˜], (71)
ZQDV=RQDV
∑
{l˜}
∫
Dθ exp
∑
x,τ
[
−2π2(E′0S)v l˜02−2π2(E′S)v l˜x2−i∇jεjl l˜θ], (72)
Using the identity of Eq.(59) for (71) and (72), respec-
tively, the equations become:
ZQV=CQV
∑
{n˜}
∫
Dθ˜ exp
∑
x,τ
−
(
∇τ θ˜−2πn˜0
)
2
8π2(E′J)v
+
−
(
∇xθ˜−2πn˜x
)
2
8π2(E′0J )v
, (73)
ZQDV=CQDV
∑
{n}
∫
Dθ exp
∑
x,τ
−
(
∇τθ−2πn0
)
2
8π2(E′S)v
+
−
(
∇xθ−2πnx
)
2
8π2(E′0S)v
, (74)
By using the inverse transform of the Villain approxima-
tion introduced in Eq.(57) and (58) on Eq.(73) and (74),
respectively, the equations can be rewritten as follows:
ZQV≈C′QV
∫
Dθ˜ exp
∑
x,τ
(
1
4π2E′J
cos∇τ θ˜ + 1
4π2E′0J
cos∇xθ˜
)
, (75)
ZQDV≈C′QDV
∫
Dθ exp
∑
x,τ
(
1
4π2E′S
cos∇τθ + 1
4π2E′0S
cos∇xθ
)
, (76)
where C′QV and C′QDV are defined by CQV/Rv(1/4π2E′0J )Rv(1/4π2E′J)
and CQDV/Rv(1/4π2E′0S)Rv(1/4π
2E′S), respectively. The following
equation is derived from Eq.(37), (38), and (16):
E′
0
J ≡
1
4π2E′S
, (77)
E′
0
S ≡
1
4π2E′J
, (78)
When the relationships of Eq.(77) and (78) are used in
Eq.(75) and (76), the following equation can be derived:
Z ′AXY≈ZQV≈ CQV
RQDV
∫
Dθ˜ exp
∑
x,τ
(
E′0Scos∇τ θ˜+E′Scos∇xθ˜
)
=
CQV
RQDV
Z ′DAXY ,
(79)
Z ′DAXY≈ZQPSV≈CQDV
RDV
∫
Dθ exp
∑
x,τ
(
E′0Jcos∇τθ+E′Jcos∇xθ
)
=
CQDV
RQV
Z ′AXY ,
(80)
In Eq.(79) and (80), it is guaranteed that Z ′AXY and
Z ′DAXY are completely dual relationships under the fol-
lowing condition regarding normalization parameters:
CQV
RQDV
CQDV
RQV
≈ 1. (81)
VIII. GINZBURG-LANDAU THEORY AND
KOSTERLITZ-THOULESS TRANSITION
In this section, starting from the two partition func-
tions Z ′AXY and Z
′
DAXY of JJ and QPS from Eq.(55) and
(56) which are dual to each other, we consider the
Ginzburg-Landau theory (GL theory) of two types and
the Kosterlitz-Thouless transition (KT transition) of two
types. For each of Eq.(55) and (56), we introduce two ele-
ment unit vectors Ul=
[
cos θ, sin θ
]
and U˜l=
[
cos θ˜, sin θ˜
]
(l=1, 2)
respectively as follows:
Z ′AXY
(
E′
0
J , E
′
J
)
=
∫
Dθ exp
{
E′Jd
∑
x
2∑
l=1
Ul (x, τ)RUl (x, τ)
}
, (82)
Z ′DAXY
(
E′
0
S , E
′
S
)
=
∫
Dθ˜ exp
{
E′S d˜
∑
x
2∑
l=1
U˜l (x, τ) R˜U˜l (x, τ)
}
, (83)
Where the lattice difference operators R and R˜ are re-
spectively defined as30:
R ≡1+ 1
2d
(∇¯x∇x + γ∇¯τ∇τ) , γ ≡ E′0J
E′J
, (84)
R˜ ≡1+ 1
2d˜
(∇¯x∇x + γ˜∇¯τ∇τ ) , γ˜ ≡ E′0S
E′S
, (85)
Were d≡1+γ and d˜≡1+γ˜ are anisotropic dimensional con-
stants of JJ and QPS, respectively. Moreover in Eq.(82),
we introduce two sets of real two component fields ul and
ψl (l=1, 2) which satisfy the following identity
30:
∞∫
−∞
du1du2
i∞∫
−i∞
dψ1dψ2
(2πi)
2 exp{−ψl (ul − Ul)}=
∞∫
−∞
du1du2δ
2(ul − Ul)=1, (86)
Z ′AXY=
∏
x,τ,l
∞∫
−∞
dul
i∞∫
−i∞
dψl
(2πi)2
exp
∑
x,τ,l
{E′Jdul (x, τ)Rul (x, τ)
−ψl (x, τ) ul (x, τ) + ln I0 (|ψl (x, τ)|)}, (87)
where we have used that the product of θ functional in-
tegrals is given as follows:
∏
x,τ
π∫
−π
dθ
2π
exp
∑
x,τ,l
ψl (x, τ)Ul (x, τ)
=exp∑
x,τ,l
{ln I0 (|ψl (x, τ)|)}, (88)
where I0(|ψ|) (|ψ| ≡
√
ψ12 + ψ22 ) is the modified Bessel
functions of integer 0th order. In Eq.(87), performing the
integrals over ul fields, we obtain the partition function
by the complex field ψ≡ψ1+iψ2 and ψ∗≡ψ1−iψ2.
Z ′AXY=
∏
x,τ
 π∫
−π
dψ (x, τ) dψ∗ (x, τ)
4πE′Jd
 exp {−F ′ (ψ, ψ∗)}, (89)
F ′ (ψ, ψ∗) =
∑
x,τ
{
1
4E′Jd
|ψ (x, τ)|2 − ln I0
[∣∣∣ψˆ (x, τ)∣∣∣]}, (90)
8ψˆ (x, τ)≡ Rˆ 12ψ (x, τ)=
√
1+
1
2d
(∇¯x∇x+γ∇¯τ∇τ )ψ (x, τ), (91)
In Eq.(90), since ψ and ψ∗ can be regarded as the order
parameter of superconductivity30, the dimensionless en-
ergy F ′ (ψ, ψ∗) can be Landau expansion of terms up to
|ψ|4 and |∇xψ|2 as follouws30:
F ′GL(ψ, ψ
∗)=
∑
x,τ
{
1
8d
[
|∇xψ|2+γ|∇τψ|2
]
+
1
4
(
1
E′Jd
−1
)
|ψ|2+ 1
64
|ψ|4
}
,
(92)
F ′GL is Ginzburg-Landau (GL) energy of superconduc-
tivity or Pitaevskii energy of Superfluid in 1+γ dimen-
sion at zero temperature. Similarly, when GL energy is
calculated from Eq.(83), it becomes as follows:
F˜ ′DGL
(
ψ˜, ψ˜∗
)
=
∑
x,τ
{
1
8d˜
[∣∣∣∇xψ˜∣∣∣2+γ˜∣∣∣∇τ ψ˜∣∣∣2]+1
4
(
1
E′S d˜
− 1
)∣∣∣ψ˜∣∣∣2+ 1
64
∣∣∣ψ˜∣∣∣4},
(93)
F˜ ′DGL is Dual Ginzburg-Landau (DGL) energy of superin-
sulator 1+γ˜ dimension at zero temperature. Here ψ˜ and
ψ˜∗ can be regarded as order parameters of superinsula-
tor. As opposed to being a condensate of 2e in which
the order parameter of the superconductor is twice the
elementary charge e, the order parameter of the superin-
sulator can be thought of as a condensate of 2φ0 which
is twice the quantum vortex φ0= h/(2e). From Eq.(92)
and (93), the critical values E′J
GL
and E′S
DGL
by mean
field approximation of E′J and E
′
S are as follows:
E′J
GL
=d−1=
1
1 + γ
, (94)
E′S
DGL
= d˜−1=
1
1 + γ˜
, (95)
On the other hand, AXY model of 1+γ dimension and
DAXY model of 1+ γ˜ dimension becomes a pseudo two-
dimensional XY model under the condition of E′0J =
E′J (γ=1) and E
′0
S = E
′
S (γ˜=1) respectively.Therefore,
it is possible for the AXY model and the DAXY model to
generate KT transition in the pseudo two dimension at
zero temperature. In this case, the critical values of quan-
tum KT(QKT ) transition and dual quantum KT(DQKT )
transition are as follows respectively:
E′J
QKT
=
2
π
, (96)
E′S
DQKT
=
2
π
, (97)
Where, E′J
QKT
represents the critical value of E′J due
to the QKT transition. QKT transition is a topological
phase transition due to the vortex condensation in pseudo
two dimensional space. On the other hand, E′S
QDKT
rep-
resents the critical value of E′S due to the DQKT transi-
tion. TABLE I shows the critical values of E′J , E
′
L and
E′S according to QKT and DQKT transition.
TABLE I: Critical value of E′J , E
′
L and E
′
S by the transition
of QKT and DQKT .
QKT DQKT
E′J
QKT
= 2/pi E′S
DQKT
= 2/pi
E′L
QKT
=4pi E′c
DQKT
= 4pi
E′S
QKT
=1/8pi E′J
DQKT
= 1/8pi
Similarly, from Eq.(94) and Eq.(95), the critical values
of the mean field approximation under the conditions of
γ=1 and γ˜=1 are respectively as follows:
E′J
GL
(γ=1) =
1
2
, (98)
E′S
DGL
(γ˜=1) =
1
2
, (99)
TABLE II shows the critical values of E′S , E
′
c and E
′
J
TABLE II: Critical value of E′J , E
′
L and E
′
S by the transition
of GL theory and DGL theory under the conditions of γ=1
and γ˜=1.
GL DGL
E′J
GL
= 1/2 E′S
DGL
= 1/2
E′L
GL
=pi2 E′c
DGL
= pi2
E′S
GL
=1/2pi2 E′J
DGL
= 1/2pi2
according to GL theory and DGL theory under the condi-
tions of γ=1 and γ˜=1. From Eq.(96) and Eq.(98), the dif-
ference between QKT transition and mean field approxi-
mation is about E′J
QKT−E′JGL≈0.137. Similarly, the differ-
ence between Eq.(97) and Eq.(99) E′S
DQKT−E′SDGL≈0.137.
In the 2+1 dimensional JJ array of35-37, a self-dual model
is obtained (in the sense of electromagnetic duality) by
adding kinetic terms to the vortices. On the other hand,
our 1+1 dimensional model does not artificially add ki-
netic terms to the vortices. In other words, self-dual form
mixed Chern-Simons action36-37 is not assumed from the
beginning. Instead, starting from the two Hamiltonian of
JJ and QPS which are dual to each other, it is a method
to calculate various physical quantities from them by as-
suming the existence of AXY model and DAXY model
which are dual to each other. Since the DGL energy of
the superinsulator of Eq.(91) is considered to be the GL
energy of the vortex, it contains a kinematic vortex term
in a different sense from Ref35-37.
9IX. SUMMARY AND CONCLUSION
This section contains the summarized conclusions from
each section in this paper as follows: Section 1: Two
dual Hamiltonians were introduced into a quantum LC
circuit, known as the simplest quantum dual system, and
the dual condition was applied between the current and
the voltage of the electric circuit. Thus introducing a
general theory and method for constructing a dual sys-
tem named the DH (dual Hamiltonian) method. Section
2: The DH method was applied between the JJ and the
QPSJ in a single junction, allowing the following to be de-
rived: two relational expressions of particle number and
phase between dual systems, QPS amplitude and charge
per charge energy, and the relationship between Joseph-
son energy and induced energy per flux quantum. Fur-
thermore, kinetic inductance and kinematic capacitance
were derived in a nonlinear form. This result is an ex-
tension of the result of Mooij et al11-13. Section 3: The
relation between the Hamiltonian and the equivalent cir-
cuit of each quantum circuit was clarified by applying a
simple proof of self-duality in various quantum junction
circuits. Section 4: Owing to the duality of the JJ and
the QPSJ , the transition of superconductorsuperconduc-
tor could be explained by simple consideration. This in-
dicated the possibility that a QPSJ could be constructed
from the junction of two superinsulators. Section 5: The
JJ and QPSJ of a single junction were examined using
the partition function and incorporating the quantum ef-
fect by path integration. By introducing the energy of the
imaginary time component in the JJ and QPSJ , the dual-
ity between them was demonstrated and approximately
established. Section 6: The partition function of AXY
model and DAXY model was examined in 1+1 dimen-
sions equivalent to the JJ and QPSJ in a one-dimensional
nanowire. Section 7: Within the Villain approximation,
it was confirmed that duality was accurately established.
Overall results and conclusions: Section 8: Starting with
the two partition functions of JJ andQPS, which are dual
each other, we have determined two critical values of two
types of GL theory and KT transition, respectively. The
most important result of this paper is that by introduc-
ing two Hamiltonians that were dual with each other, the
DH method was established, which is a general method
for constructing an accurate dual system. The reliability
of this method was proved accurately within the Villain
approximation for the partition function of the 1+1 di-
mensional AXY model and DAXY model corresponding to
the JJ and QPSJ in a one-dimensional nanowire system.
It is believed that the DH method will prove to be a
very effective method for future research into the QPS
and superinsulator phenomena.
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